Abstract. Let A be a unital separable C * -algebra, and D a strongly selfabsorbing C * -algebra (in the sense of Toms and Winter). We show that if A is D-absorbing, then the crossed product of A by a finite group is D-absorbing as well, assuming the action satisfying a Rokhlin property. With some extra restrictions on A and D, we obtain a similar result for crossed products by Z.
Introduction
Following the terminology in a recent paper of Toms and Winter ([TW] ), we call a separable, unital C * -algebra D strongly self-absorbing if the map D → D ⊗ D given by d → d ⊗ 1 is approximately unitarily equivalent to an isomorphism. Currently, the only known examples of such algebras are 0, C, the Jiang-Su algebra Z ( [JS] ), UHF algebras of infinite type (i.e. where all the primes which occur in the relevant supernatural number do so with infinite multiplicity), O 2 , O ∞ , and tensor products of O ∞ by such UHF-algebras. Those algebras exhaust the possible Elliott invariants for strongly self-absorbing algebras, and thus one might hope that this list is complete.
While only few algebras are strongly self-absorbing, many C * -algebras A are D-absorbing for a strongly self-absorbing algebra D (i.e. A ∼ = A ⊗ D), and such algebras seem to enjoy nice regularity properties -see [R1, R2] for absorption of UHF algebras, and [GJS, R4] for absorption of the Jiang-Su algebra. Absorption of O ∞ and O 2 plays a central role in the classification theorems of Kirchberg and Phillips ([KrP, Kr1, P1] ), and is the focus of further study (see for instance [KrR] ). It thus seems interesting to study the permanence properties of D-absorption. In [TW] , it was shown that if D is self-absorbing and K 1 -injective, then the property of being (separable and) self-absorbing is closed under passing to hereditary subalgebras, quotients, inductive limits and extentions (see also [Kr2] for related resuls).
This note concens the question of permanence under formation of crossed products. One cannot expect permanence to hold in general. Indeed, O 2 is O 2 -absorbing, however there are actions of Z/2Z on O 2 such that the crossed product has nontrivial K-theory (see [I] ); in particular, the crossed product algebra cannot be O 2 -absorbing.
We denote A ∞ = ℓ ∞ (N, A)/C 0 (N, A). We have the following characterization of D-absorption, which is a special case of Theorem 7.2.2 in [R3] . We note that in that theorem the statement refers to a free ultrafilter, however it is easy to see that one can use any free filter (we use the cofinite one). Note that if α : G → aut(A) and G is discrete, then we have a naturally induced action of G on A ∞ , A ∞ ∩ A ′ etc. -those actions will be denoted by α as well. We may thus ask if we can find an embedding of D into A ∞ ∩ A ′ which is fixed by the action of α. If so, it will follow immediately that A × α G is D-absorbing. While this is false in general, we will show that it holds for finite group actions satisfying the Rokhlin property, and with some additional assumptions on A and D, also for actions of Z satisfying the Rokhlin property.
I would like to thank Mikael Rørdam for suggesting this line of research, and for some helpful subsequent conversations concerning this paper.
Actions of finite groups
We first recall the definition of the Rokhlin property for finite groups (see [I] ).
Definition 2.1. Let A be a unital separable C * -algebra, G a finite group, and α : G → aut(A) an action. α is said to have the Rokhlin property if there is a partition of 1 into projections
Lemma 2.2. If C is a separable subspace of A ∞ ∩ A ′ , and α is an action of G on A satisfying the Rokhlin property, then there is a partition of 1 into projections {e g | g ∈ G} as in the definition of the Rokhlin property, such that furthermore e g ∈ C ′ for all g ∈ G.
Proof. This is a simple Cantor-diagonalization type argument. We lift each e g to a sequence (e g (1), e g (2), ...) ∈ ℓ ∞ (N, A) (not necessarily consisting of projections) which maps onto e g . If we choose any increasing sequence k n of natural numbers, we see that the images of (e g (k 1 ), e g (k 2 ), ...) in A ∞ will also be projections as in the definition of the Rokhlin property. Pick a dense sequence c 1 , c 2 , ... ∈ C, and let (c n (1), c n (2), ...) be liftings of the elements of this sequence to ℓ ∞ (N, A). For each n ∈ N we can find k n (which we can make increasing in n) such that [e g (k n ), c j (n)] < 1/n for all j ≤ n. The images of (e g (k 1 ), e g (k 2 ), ...) will now lie in A ∞ ∩ A ′ ∩ C ′ , as required.
Theorem 2.3. Let A be a separable unital C * -algebra, let G be a finite group, and let α : G → aut(A) be an action satisfying the Rokhlin property. If B is a unital separable algebra which admits a unital homomorphism into A ∞ ∩ A ′ , then B admits a unital homomorphism into the fixed point subalgebra of A ∞ ∩ A ′ .
Proof. Let ι : B → A ∞ ∩ A ′ be a unital embedding. By Lemma 2.2, we can choose the projections {e g } g∈G as in the Rokhlin property to be in
and it is easy to see that ϕ gives as an embedding as required.
Corollary 2.4. Let A be a separable unital C * -algebra, let G be a finite group, and let α : G → aut(A) be an action satisfying the Rokhlin property.
Actions of Z
We recall the definition of the Rokhlin property of an automorphism (see for instance [Ks] ).
Definition 3.1. Let A be a unital separable C * -algebra, and α ∈ aut(A). α is said to have the Rokhlin property if for any n there is a partition of 1 into projections e 0 , ..., e n−1 , f 0 , ..., f n ∈ A ∞ ∩ A ′ such that α(e j ) = e j+1 , α(f j ) = f j+1 for all j, with the convention e n = e 0 , f n+1 = f 0 .
As in the finite group case (Lemma 2.2) we have the following slight enhancement of the Rokhlin property. The proof is similar, so we omit it.
Lemma 3.2. If C is a separable subspace of A ∞ ∩ A ′ , and α is an automorphism of on A satisfying the Rokhlin property, then the projections as in the Rokhlin property can be chosen to furthermore commute with C. 
In principle, one should specify which tensor product we use here. However, if D has an asymptotically inner half-flip with regard to any tensor product, then it is necessarily nuclear, and thus they all coincide.
The purpose of this section is to prove the following.
Theorem 3.5. Let D be a strongly self-absorbing C * -algebra with an asymptotically inner half-flip, let A be a separable unital D-absorbing algebra such that U 0 (A ∞ ∩A ′ ) is bounded in the arc-length metric, and let α be an automorphism of A. If α has the Rokhlin property then D admits a unital embedding into the fixed point subalgebra of A ∞ ∩ A ′ . In particular, A × α Z is D-absorbing.
Before doing so, we need a few lemmas. We shall also point out a few situations in which the conditions on A and D mentioned in the theorem hold.
Most known cases of strongly self-absorbing algebras have an asymptotically inner half-flip (we do not know if the Jiang-Su algebra has an asymptotically inner halfflip, although it seems reasonable to conjecture that).
Lemma 3.6. If D is a UHF algebra of infinite type, O 2 , O ∞ or O ∞ tensored by a UHF algebra of infinte type, then D has an asymptotically inner half-flip.
Proof. It is easy to see it for UHF algebras. Tensor products of algebras of with asymptotically inner flip will also have one, so it remains to see it for O 2 and O ∞ , but those cases follow immediately from Lemma 2.2.1 and Proposition 2.2.7, respectively, in [P1] .
The second condition we imposed concerns the diameter of the connected component of the identity of the unitary group of the central sequence algebra, in the arc-length metric. It holds for AF algebras and O ∞ -absorbing algebras, as we will show after the following technical lemma.
Lemma 3.7. Let A,B be a unital separable C * -algebras. If B admits a unital embedding into A ∞ ∩ A ′ , and C is a separable subalgebra of A ∞ ∩ A ′ , then there is a unital embedding of B into A ∞ ∩ A ′ ∩ C ′ .
Proof. We denote by π the projection ℓ ∞ (N, A) → A ∞ . Let c 1 , c 2 , ... be a dense sequence of C. We wish to find an embedding of B into A ∞ ∩A ′ which commutes with all the elements of this sequence. Let ϕ : B → A ∞ ∩ A ′ be a unital embedding, and letφ = (ϕ 1 , ϕ 2 , ...) : B → ℓ ∞ (N, A) be a linear lifting. Note that for any subsequence (ϕ k 1 , ϕ k 2 , ...), composition with π will give us another unital embedding of B into A ∞ ∩A ′ . We can thus use a Cantor-diagonalization type argument to construct such a subsequence, such that the image π • (ϕ k 1 , ϕ k 2 , ...) will commute with C. More specifically, note first that for any a ∈ A, b ∈ B, we have that
.. be a dense sequence in B. For each n, choose k n such that [ϕ kn (b j ), c i (n)] < 1/n for all i, j ≤ n (and we may assume that this sequence k n is increasing). Thus, π • (ϕ k 1 , ϕ k 2 , ...) gives us an embedding with the required properties.
Lemma 3.8. Suppose A is unital and separable. If A is an AF algebra, or
is bounded in the arc-length metric.
Proof. This is easy to see for AF -algebras. For O ∞ -absorbing algebras, it is shown in [P2] that for any unital C * -algebra B, any two unitaries in B ⊗ O ∞ in the connected component of 1 can be connected by a path of length at most 2π. Let u, v ∈ U 0 (A ∞ ∩ A ′ ). Choose continuous paths u t , v t , t ∈ [0, 1] (of arbitrary length) of unitaries such that u 0 = v 0 = 1, u 1 = u, v 1 = v. Use Lemma 3.7 to find an embedding ϕ :
, we see that u, v can be connected by a path of length at most 2π in the unitary group of
Note that if A is D-absorbing and D is purely infinite, then A is automatically O ∞ -absorbing.
Before proving Theorem 3.5, we need a few extra technical lemmas.
Lemma 3.9. Let A,B be unital separable C * -algebras, and let α be an automorphism of A. If there is a sequence of unital embeddings ϕ n : B → A ∞ ∩ A ′ which are asymptotically fixed under α, i.e., for each b ∈ B we have that ϕ n (b) − α(ϕ n (b)) → 0, then there is a unital embedding of B into A ∞ ∩ A ′ whose image is fixed under α Proof. We again employ a Cantor-diagonalization type trick. For each ϕ n , pick a unital * -linear liftingφ n = (ϕ n (1), ϕ n (2), ...) : B → ℓ ∞ (N, A). For any b ∈ B and ε > 0 we can find n 0 ∈ N such that ϕ n (b) − α(ϕ n (b)) < ε for any n ≥ n 0 , and therefore, for each such n, we can find m n ∈ N such that for any m ≥ m n , we have
Let a 1 , a 2 , ... be a dense sequence in A. Let b 1 , b 2 , ... be a sequence of elements in B such that B 0 = {b 1 , b 2 , ...} forms a unital * -Q[i]-algebra which is dense in B. So, for each k ∈ N, we can find n k , p k , such that the follwing hold.
•
gives us an isometric unital embedding of B 0 into the fixed point subalgebra of A ∞ ∩ A ′ , which extends to an embedding of B as required.
The following are straightforward modifications of results from [TW] (Proposition 1.9 and Corollary 1.11). We do not include proofs.
Proposition 3.10. Let B be a separable unital C * -algebra with asymptotically inner half flip, and let D = B ⊗∞ . It follows that D has an asymptotically inner half flip, and there is a continuous one-parameter family of homomorphisms
Corollary 3.11. If D is a strongly self-absorbing algebra with asymptotically inner half-flip, and A is a unital separable C * -algebra, then any two unital homomorphisms from D into A ⊗ D are asymptotically unitarily equivalent.
We can now prove Theorem 3.5.
Proof of Theorem 3.5. It suffices, by Lemma 3.9, to prove that for any finite subset F ⊆ D and ε > 0 there is an embedding ϕ : D → A ∞ ∩ A ′ such that α(ϕ(x)) − ϕ(x) < ε for all x ∈ F . Let us fix such F, ε.
Fix an embedding ι :
) is separable, so by Lemma 3.7, there is a unital embedding of η :
Let L be an upper bound for the arc-length diameter of
Consider the embeddings ι, α n • ι : D → B. By Corollary 3.11, those two embeddings are asymptotically unitarily equivalent. In particular, one can find two unitaries u 0 , u n ∈ U (B), in the same connected component, such that u 0 ι(x)u * 0 − ι(x) , u n α n (ι(x))u * n − ι(x) < ε/2 for all x ∈ F . We may assume without loss of generality that u 0 = 1 (by using ε/4 instead, and replacing u n by u * 0 u n ). We know that u 0 = 1 and u n can be connected by a path of length at most L. Therefore we can choose unitaries u 1 , ..., u n−1 ∈ U (A ∞ ∩ A ′ ) such that u k − u k+1 ≤ L/n for k = 0, ..., n − 1.
Similarly, we choose unitaries v 0 = 1, v 1 , ..., v n+1 such that v k −v k+1 ≤ L/(n+1) for k = 0, ..., n and v n+1 α n+1 (ι(x))v * n+1 − ι(x) < ε/2 for all x ∈ F . We use the Rokhlin property (and Lemma 3.2) to find a partition of 1 into projections e 0 , ..., e n−1 , f 0 , ..., f n ∈ A ∞ ∩A ′ ∩B ′ ∩{α k−n (u k ), α j−n−1 (v j ) | k = 1, ..., n−1, j = 1, ..., n} ′ such that α(e j ) = e j+1 , α(f j ) = f j+1 for all j, with the convention e n = e 0 , f n+1 = f 0 . We then define ϕ : D → A ∞ ∩ A ′ by
By the choice of the projections e 0 , ..., e n−1 , f 0 , ..., f n , ϕ is indeed a unital homomorphism, and a simple computation shows that for any x ∈ F , we have that α(ϕ(x)) − ϕ(x) < ε/2 + L x /n < ε, as required.
